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In this paper, we deﬁne three operations on intuitionistic fuzzy graphs, viz. direct product, semi-strong
product and strong product. In addition, we investigated many interesting results regarding the oper-
ations. Moreover, it is demonstrated that any of the products of strong intuitionistic fuzzy graphs are
strong intuitionistic fuzzy graphs. Finally, we deﬁned product intuitionistic fuzzy graphs and investigated
many interesting results.
Copyright © 2015, Far Eastern Federal University, Kangnam University, Dalian University of Technology,
Kokushikan University. Production and hosting by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction study, the direct product, semi-strong product and strong productGraph theory has applications in many areas of computer sci-
ence, including data mining, image segmentation, clustering, image
capturing, and networking. An intuitionistic fuzzy set is a gener-
alisation of the notion of a fuzzy set. Intuitionistic fuzzy models
provide more precision, ﬂexibility and compatibility to the system
compared to the fuzzy models.
In 1983, Atanassov [6,7] introduced the concept of intuitionistic
fuzzy set as a generalisation of fuzzy sets. Atanassov added new
components that determine the degree of non-membership in the
deﬁnition of fuzzy set. The fuzzy sets give the degree of membership,
while intuitionistic fuzzysets giveboth thedegreeofmembershipand
the degree of non-membership, which are more or less independent
from each other; the only requirement is that the sum of these two
degrees is not greater than one. Intuitionistic fuzzy sets have been
applied in a wide variety of ﬁelds, including computer science, engi-
neering, mathematics, medicine, chemistry, and economics.
In 1975, Rosenfeld [19] discussed the concept of the fuzzy graph,
the basic idea of which was introduced by Kauffman [9] in 1973.
The fuzzy relations between fuzzy sets were also considered by
Rosenfeld; he developed the structure of fuzzy graphs and obtained
analogues of several graphs theoretical concepts. Atanassov intro-
duced the concept of the intuitionistic fuzzy relation. Different
types of intuitionistic fuzzy graphs and their applications can be
found in several papers. In addition, Sahoo and Pal [20] discussed
the concept of the intuitionistic fuzzy competition graph. In thishoo), mmpalvu@gmail.com
Federal University, Kangnam
an University
ersity, Kangnam University, Dalian
C-ND license (http://creativecommof two intuitionistic fuzzy graphs are deﬁned, and many interesting
results involving these operations are investigated. Moreover, we




A graph is an ordered pair G ¼ (V,E), where V is the set of all
vertices of G (which is non empty), and E is the set of all edges of G.
Two vertices x,y in a graph G are said to be adjacent in G if (x,y) is an
edge of G. A simple graph is a graph without loops and multiple
edges. A complete graph is a simple graph in which every pair of
distinct vertices is connected by an edge. The complete graph on n
vertices has n(n1)/2 edges.
An isomorphism of graphs G1 and G2 is a bijection f between the
sets of vertices of G1 and G2, such that any two vertices v1 and v2 of
G1 are adjacent in Ref. G1 if and only if f(v1) and f(v2) are adjacent in
Ref. G2. Isomorphic graphs are denoted by Ref. G1yG2.
Let G1 ¼ (V1,E1) and G2 ¼ (V2,E2) be two simple graphs. Next, the
direct product ofG1 andG2 is a graphG1⊓G2 ¼ ðV ; EÞwith V¼ V1V2
and E¼ {((u1,v1),(u2,v2))j(u1,u2)2E1,(v1,v2)2E2}. The union of graphs
G1 and G2 is deﬁned as G1∪G2 ¼ ðV1∪V2; E1∪E2Þ and join is the
simple graph G1 þ G2 ¼ ðV1∪V2; E1∪E2∪E0Þ, where E0 is the set of all
edges joining the vertices of V1 and V2, also assume that. V1∩V2 ¼ f:
2.2. Intuitionistic fuzzy graphs
An intuitionistic fuzzy set A on the set X is characterised by a
mapping m:X/[0,1] (which is known as a membership function)
and n:X/[0,1] (which is called a non-membership function). AnUniversity of Technology, Kokushikan University. Production and hosting by Elsevier
ons.org/licenses/by-nc-nd/4.0/).
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bership function of the intersection of two intuitionistic fuzzy sets
A ¼ (X,mA,nA) and B ¼ (X,mB,nB) is deﬁned as mA∩B ¼ minfmA;mBg
and the non-membership function nA∩B ¼ maxfnA;nBg. We write
A ¼ (X,mA,nA) 4 B ¼ (X,mB,nB) (intuitionistic fuzzy subset) if
mA(x)  mB(x) and nA(x)  nA(x) for all x2X.
Deﬁnition 1. The support of an intuitionistic fuzzy set A ¼ (X,mA,nA)
is deﬁned as Supp(A)¼ {x2X:mA(x)s0 and nA(x)s1}. In addition, the
support length is SL(A) ¼ jSupp(A)j.
Deﬁnition 2. The core of an intuitionistic fuzzy set A ¼ (XA,mA,nA) is
deﬁned as Core(A) ¼ {x2X:mA(x) ¼ 1 and nA(x) ¼ 0}. In addition, the
core length is CL(A) ¼ jCore(A)j.
Now, we deﬁned the height of an intuitionistic fuzzy set below:
Deﬁnition 3. The height of an intuitionistic fuzzy set A¼ (X,mA,nA) is






Here, an intuitionistic fuzzy graph is deﬁned below:
Deﬁnition 4. An intuitionistic fuzzy graph is of the form
G ¼ (V,E,s,m) where s ¼ (s1,s2), m ¼ (m1,m2) and
(i) V ¼ {v0,v1,…,vn} such that s1:V/[0,1] and s2:V/[0,1] denote
the degree of membership and non-membership of the vertex
vi2V, respectively, and 0  s1(vi) þ s2(vi)  1 for every vi2V
(i ¼ 1,2,…,n).
(ii) m1:VV/[0,1] and m2:VV/[0,1],where m1(vi,vj) and m2(vi,vj)
denote the degree of membership and non-membership value of
the edge (vi,vj), respectively, such that m1(vi,vj)  min
{s1(vi),s1(vj)} and m2(vi,vj)  max{s2(vi),s2(vj)}, 0  m1(vi,vj)
þ m2(vi,vj)  1 for every edge (vi,vj).
Now, we give an example of the intuitionistic fuzzy graph:
Example 1 Let G ¼ (V,s,m) be an intuitionistic fuzzy graph,
where s(v) ¼ (s1(v),s2(v)), m(u,v) ¼ (m1(u,v),m2(u,v)). Let the ver-
tex set be V ¼ {v1,v2,v3,v4} and s(v1) ¼ (0.3,0.6), s(v2) ¼ (0.8,0.2),
s(v3) ¼ (0.2,0.8), s(v4) ¼ (0.5,0.4); m(v1,v2) ¼ (0.25,0.45),
m(v2,v3) ¼ (0.18,0.75), m(v3,v4) ¼ (0.15,0.52), m(v4,v1) ¼ (0.3,0.25),
m(v1,v3) ¼ (0.2,0.8), m(v2,v4) ¼ (0.4,0.35). The corresponding
intuitionistic fuzzy graph is shown in Fig. 1.
Deﬁnition 5. [1] An intuitionistic fuzzy graph G¼ (V,E,s,m) is said to
be complete if m1(vi,vj) ¼ s1(vi)∧s1(vj) and m2(vi,vj) ¼ s2(vi)∨s2(vj) for
all vi,vj2V.
Deﬁnition 6. [11] The complement of an intuitionistic fuzzy graph
G ¼ (V,E,s,m) is an intuitionistic fuzzy graph G ¼ ðV ; E;s;mÞ whereFig. 1. An intuitionistic fuzzy graph.s ¼ s, m1ðvi; vjÞ ¼ s1ðviÞ∧s1ðvjÞ  m1ðvi; vjÞ and m2ðvi; vjÞ ¼ s2ðviÞ
∨s2ðvjÞ  m2ðvi; vjÞ for all vi,vj2V.2.3. Review of the literature
After Rosenfeld [19], the fuzzy graph theory increases with its
various types of branches, such as fuzzy tolerance graph [25], fuzzy
threshold graph [24], bipolar fuzzy graphs [17,18,30], highly irreg-
ular interval valued fuzzy graphs [12,14], isometry on interval-
valued fuzzy graphs [16], balanced interval-valued fuzzy graphs
[10,15], fuzzy k-competition graphs and p-competition fuzzy graphs
[28], fuzzy planar graphs [23,31], bipolar fuzzy hypergraphs
[26,27], and m step fuzzy competition graphs [22]. The fuzzy
graph theory is used in telecommunication system [29]. A new
concept of fuzzy colouring of fuzzy graph is given in Ref. [32].
Ramaswamy and Poornima [13] discussed product fuzzy graphs.
Akram and Davvaz [1] deﬁned strong intuitionistic fuzzy graphs.
They also discussed intuitionistic fuzzy hypergraphs with applica-
tions [3]. A novel application of intuitionistic fuzzy digraphs is
given by Akram et al. [2]. In addition, Akram and Al-Shehrie [4]
deﬁned intuitionistic fuzzy cycles, intuitionistic fuzzy trees and
intuitionistic fuzzy planar graphs [5]. Balanced intuitionistic fuzzy
graphs are discussed by Karunambigai et al. [8]. Moreover, Parvathi,
Karunambigai [11] deﬁned intuitionistic fuzzy graphs. Sahoo and
Pal [20] discussed the concept of intuitionistic fuzzy competition
graph. They also discussed intuitionistic fuzzy tolerance graphs
[21].
2.4. Our contribution
In Section 3, we deﬁne the direct product of two intuitionistic
fuzzy graphs and demonstrate that the direct product of two strong
intuitionistic fuzzy graphs is strong; consequently, if the direct
product is strong, then any one of two intuitionistic fuzzy graphs is
strong. Next, we deﬁne semi-strong, strong product of two intui-
tionistic fuzzy graphs and many interesting properties. Finally, in
Section 4 we discuss the product intuitionistic fuzzy graph and
investigated many interesting results.
3. Products on intuitionistic fuzzy graphs
In this section, we deﬁne three operations on the intuitionistic
fuzzy graphs, viz. direct product, semi-strong product and strong
product.
3.1. Direct product of two intuitionistic fuzzy graphs
First, the direct product of two intuitionistic fuzzy graphs is
deﬁned.
Deﬁnition 7. The direct product of two intuitionistic fuzzy graphs
G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) such that V 0∩V 00 ¼ f, is deﬁned
to be the intuitionistic fuzzy graph G0⊓G00 ¼ ðV ; E;s0⊓s00;m0⊓m00Þ where
V ¼ V0V00, E ¼ {((u1,v1),(u2,v2))j(u1,u2)2E0,(v1,v2)2E00}. The mem-











ðu; vÞ ¼ s02ðuÞ∨s002ðvÞ:
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ððu1; v1Þ; ðu2; v2ÞÞ ¼ m02ðu1;u2Þ∨m002ðv1; v2Þ:
Example 2. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
intuitionistic fuzzy graphs, such that V0 ¼ {a,b}, V00 ¼ {c,d}, E0 ¼ {(a,b)},
E
00 ¼ {(c,d)}, s0(a) ¼ (0.7,0.3), s0(b) ¼ (0.5,0.4), m0(a,b) ¼ (0.4,0.3),
s
00
(c) ¼ (0.5,0.5), s00(d) ¼ (0.6,0.4), and m00(c,d) ¼ (0.5,0.4). Thus, G0, G00
and G0⊓G00 are shown in Fig. 2.
Deﬁnition 8. An intuitionistic fuzzy graph G ¼ (V,E,s,m) is called
strong intuitionistic fuzzy graph if m1(vi,vj) ¼ s1(vi)∧s1(vj) and
m2(vi,vj) ¼ s2(vi)∨s2(vj) for all (vi,vj)2E.
Theorem 1. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are strong
intuitionistic fuzzy graphs, then G0⊓G00 is also strong.
Proof. Because G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are strong
intuitionistic fuzzy graphs, then m01ðu1;u2Þ ¼ s01ðu1Þ∧s001ðu2Þ,
m02ðu1;u2Þ ¼ s02ðu1Þ∨s002ðu2Þ, m001ðv1; v2Þ ¼ s001ðv1Þ∧s001ðv2Þ and m002ðv1; v2Þ








ððu1; v1Þ; ðu2; v2ÞÞ ¼ m01ðu1;u2Þ∧m001ðv1; v2Þ
¼ s01ðu1Þ∧s001ðu2Þ∧s001ðv1Þ∧s001ðv2Þ
¼ s01ðu1Þ∧s001ðv1Þ∧s001ðu2Þ∧s001ðv2Þ






ððu1; v1Þ; ðu2; v2ÞÞ ¼ m02ðu1;u2Þ∨m002ðv1; v2Þ
¼ s02ðu1Þ∨s002ðu2Þ∨s002ðv1Þ∨s002ðv2Þ
¼ s02ðu1Þ∨s002ðv1Þ∨s002ðu2Þ∨s002ðv2Þ
¼ s02⊓s002ðu1; v1Þ∨s02⊓s002ðu2; v2Þ
Hence, G0⊓G00 is a strong intuitionistic fuzzy graph.
Theorem 2. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are two
intuitionistic fuzzy graphs such that G0⊓G00 is strong, then at least one
of G0 or G
00
must be strong.
Proof. Suppose that G0 and G
00
are not strong. Thus, there exists at
least one (u1,u2)2E0,(v1,v2)2E
00
such that m01ðu1;u2Þ< s01ðu1Þ∧s001ðu2Þ,
m02ðu1;u2Þ<s02ðu1Þ∨s002ðu2Þ, m001ðv1; v2Þ<s001ðv1Þ∧s001ðv2Þ and m002ðv1; v2Þ







































ððu1; v1Þ; ðu2; v2ÞÞ< s02⊓s002ðu1; v1Þ∨s02⊓s002ðu2; v2Þ
This equation shows that G0⊓G00 is not strong, a contradiction.
Hence, at least one of G0 or G
00
must be strong.
3.2. Semi-strong product of two intuitionistic fuzzy graphs
Next, the semi-strong product of two intuitionistic fuzzy graphs
is deﬁned.
Deﬁnition 9. The semi-strong product of two intuitionistic fuzzy
graphs G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) such that V 0∩ V 00 ¼ f is
deﬁned to be the intuitionistic fuzzy graph G0G00 ¼ (V,E,s0s00,m0m00),
where V ¼ V0V00 and E ¼ fððu; v1Þ; ðu; v2 ÞÞ
u2E0; ðv1; v2Þ2E00 g
∪fððu1; v1Þ; ðu2; v2ÞÞ
ðu1;u2Þ2E0; ðv1; v2Þ2E00 g. The membership and
non-membership values of the vertex (u,v) in Ref. G0G00 are given by

s01  s001
ðu; vÞ ¼ s01ðuÞ∧s001ðvÞ

s02  s002
ðu; vÞ ¼ s02ðuÞ∨s002ðvÞ:
In addition, the membership and non-membership values of the




ððu; v1Þ; ðu; v2ÞÞ ¼ s01ðuÞ∧m001ðv1; v2Þ
m01  m001




ððu; v1Þ; ðu; v2ÞÞ ¼ s02ðuÞ∨m002ðv1; v2Þ
m02  m002
ððu1; v1Þ; ðu2; v2ÞÞ ¼ m02ðu1;u2Þ∨m002ðv1; v2Þ:tuitionistic fuzzy graphs.
S. Sahoo, M. Pal / Paciﬁc Science Review A: Natural Science and Engineering 17 (2015) 87e9690Example 3 Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
intuitionistic fuzzy graphs, such that V0 ¼ {a,b}, V00 ¼ {c,d}, E0 ¼ {(a,b)},
E
00 ¼ {(c,d)}, s0(a) ¼ (0.7,0.3), s0(b) ¼ (0.5,0.4), m0(a,b) ¼ (0.4,0.3),
s
00
(c) ¼ (0.5,0.5), s00(d) ¼ (0.6,0.4), and m00(c,d) ¼ (0.5,0.4). Thus, G0, G00
and G0G00 are shown in Fig. 3.
Theorem 3. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are strong
intuitionistic fuzzy graphs, then G0G00 is also strong.
Proof. If ((u,v1),(u,v2))2E, then






¼ s01  s001ðu; v1Þ∧s01  s001ðu; v2Þ:
Similarly, we can show that
m02  m002
ððu; v1Þ; ðu; v2ÞÞ ¼ s02  s002ðu; v1Þ∨s02  s002ðu; v2Þ:
Again, if ((u1,v1),(u1,v2))2E, then
m01  m001
ððu1; v1Þ; ðu2; v2ÞÞ ¼ m01ðu1;u2Þ∧m001ðv1; v2Þ
¼ s01ðu1Þ∧s001ðu2Þ∧s001ðv1Þ∧s001ðv2Þ
¼ s01ðu1Þ∧s001ðv1Þ∧s001ðu2Þ∧s001ðv2Þ
¼ s01  s001ðu1; v1Þ∧s01  s001ðu2; v2Þ:
Similarly, we can show that
m02  m002
ððu1; v1Þ; ðu2; v2ÞÞ ¼ s02  s002ðu1; v1Þ∨s02  s002ðu2; v2Þ:
Therefore, G0G00 is also strong intuitionistic fuzzy graph.
Theorem 4. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are two
intuitionistic fuzzy graphs, such that G0G00 is strong, then at least one
of G0 or G
00
must be strong.3.3. Strong product of two intuitionistic fuzzy graphs
Finally, we deﬁned strong product of two intuitionistic fuzzy
graphs.
Deﬁnition 10. The semi-product of two intuitionistic fuzzy graphs
G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) such that V 0∩ V 00 ¼ f is deﬁned
to be the intuitionistic fuzzy graph G05G
00 ¼ (V,E,s05s00,m05m00), where
V ¼ V0V00 and E ¼ fððu; v1Þ; ðu; v2ÞÞ
u2E0; ðv1; v2Þ 2E00 g∪fððu1; vÞ;Fig. 3. Semi-strong product of twðu2; vÞÞ
ðu1; u2Þ2E0; v2E00 g∪fððu1; v1Þ; ðu2; v2ÞÞ ðu1; u2Þ2E0; ðv1; v2Þ
2E













ðu; vÞ ¼ s02ðuÞ∨s002ðvÞ:



































ððu1; v1Þ; ðu2; v2ÞÞ ¼ m02ðu1;u2Þ∨m002ðv1; v2Þ
Example 4 Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
intuitionistic fuzzy graphs, such that V0 ¼ {a,b}, V00 ¼ {c,d}, E0 ¼ {(a,b)},
E
00 ¼ {(c,d)}, s0(a) ¼ (0.7,0.3), s0(b) ¼ (0.5,0.4), m0(a,b) ¼ (0.4,0.3),
s
00
(c) ¼ (0.5,0.5), s00(d) ¼ (0.6,0.4), and m00(c,d) ¼ (0.5,0.4). Thus, G0, G00
and G05G
00
are shown in Fig. 4.
Theorem 5. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are complete
intuitionistic fuzzy graphs, then G05G
00
is complete.
Proof. As a strong product of intuitionistic fuzzy graphs is an
intuitionistic fuzzy graph, and every pair of vertices is adjacent. If
((u,v1),(u,v2))2E, then






¼ s015s001ðu; v1Þ∧s015s001ðu; v2Þ:
and






¼ s025s002ðu; v1Þ∨s025s002ðu; v2Þ:
If ((u1,v),(u1,v))2E, theno intuitionistic fuzzy graphs.
Fig. 4. Strong product of two intuitionistic fuzzy graphs.
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¼ s01ðu1Þ∧s01ðu2Þ∧s001ðvÞ
¼ s01ðu1Þ∧s001ðvÞ∧s001ðu2Þ∧s001ðvÞ












 ¼ s025s002u1; v∨s025s002u2; v:





ððu1; v1Þ; ðu2; v2ÞÞ ¼ m01ðu1;u2Þ∧m001ðv1; v2Þ
¼ s01ðu1Þ∧s001ðu2Þ∧s001ðv1Þ∧s001ðv2Þ
¼ s01ðu1Þ∧s001ðv1Þ∧s001ðu2Þ∧s001ðv2Þ










Theorem 6. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are two
intuitionistic fuzzy graphs, such that G05G
00
is strong, then at least one
of G0 or G
00
must be strong.Fig. 5. Product intuitionistic fuzzy graphs.4. Product intuitionistic fuzzy graphs
Here, we deﬁne product intuitionistic fuzzy graphs as follows.
Deﬁnition 11. Let G ¼ (V,E,s,m) be an intuitionistic fuzzy graph. If
m1(vi,vj)s1(vi)s1(vj) and m2(vi,vj)s2(vi)s2(vj) for all (vi,vj)2V,
where “” represent ordinary multiplication, then the intuitionistic
fuzzy graph G is called the product intuitionistic fuzzy graph.
Remark 1 If G ¼ (V,E,s,m) is an intuitionistic fuzzy graph, because










Thus, every product intuitionistic fuzzy graph is an intuitionistic
fuzzy graph.Example 5 Let G ¼ (V,E,s,m) be a product intuitionistic fuzzy
graph. Let the vertex set be V ¼ {v1,v2,v3} and s(v1) ¼ (0.7,0.3),
s(v2) ¼ (0.5,0.4), s(v3) ¼ (0.4,0.6), m(v1,v2) ¼ (0.35,0.10),
m(v2,v3) ¼ (0.19,0.20), and m(v1,v3) ¼ (0.25,0.15). This example is
shown in Fig. 5.
Deﬁnition 12. A product intuitionistic fuzzy graph G ¼ (V,E,s,m) is
said to be complete if m1(vi,vj) ¼ s1(vi)s1(vj) and m2(vi,vj) ¼ s2(vi)
s2(vj) for all (vi,vj)2V.
Deﬁnition 13. The complement of product intuitionistic fuzzy graph
G ¼ (V,E,s,m) is an intuitionistic fuzzy graph G ¼ ðV ; E; s;mÞ where
s ¼ s, m1ðvi; vjÞ ¼ s1ðviÞ  s1ðvjÞ  m1ðvi; vjÞ and m2ðvi; vjÞ ¼ s2ðviÞ
s2ðvjÞ  m2ðvi; vjÞ for all (vi,vj)2V, where “” and “” represent or-
dinary multiplication and subtraction, respectively.
Remark 2 It follows that, if G is a product intuitionistic fuzzy graph,
then. G ¼ G:
Deﬁnition 14. Consider the product intuitionistic fuzzy graphs
G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00), the isomorphism between two
product intuitionistic fuzzy graphs G0,G
00
is a bijective mapping
h:V0/V
00
such that s01ðuÞ ¼ s001ðhðuÞÞ; s02ðuÞ ¼ s002ðhðuÞÞ for all u2V0
and m01ðu; vÞ ¼ m001ðhðuÞ;hðvÞÞ;m02ðu; vÞ ¼ m002ðhðuÞ;hðvÞÞ for all u,v2V0.





Deﬁnition 15. The union of two product intuitionistic fuzzy graphs
G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) is deﬁned as G ¼ G0∪G00
¼ ðV ; E; s;mÞ, where V ¼ V 0∪V 00 and E ¼ E0∪E00 . The membership and
non-membership values of the vertex u2G are given by
S. Sahoo, M. Pal / Paciﬁc Science Review A: Natural Science and Engineering 17 (2015) 87e9692s1ðuÞ ¼

s0 ∪s00
ðuÞ ¼ < s
0
1ðuÞ; if u2V 0  V 00
s00ðuÞ; if u2V 00  V 01 1
8
: 1









s02ðuÞ; if u2V 0  V 00
s002ðuÞ; if u2V 00  V 0
s02ðuÞ∧s02ðuÞ; if u2V 0∩V 00
In addition, the membership and non-membership values of the









m01ðu; vÞ; if ðu; vÞ2E0  E00
m001ðu; vÞ; if ðu; vÞ2E00  E0









m02ðu; vÞ; if ðu; vÞ2E0  E00
m002ðu; vÞ; if ðu; vÞ2E00  E0
m02ðu; vÞ∧m002ðu; vÞ; if ðu; vÞ2E0∩E00
Deﬁnition 16. The join G0þG00 ¼ (V,E,s0þs00,m0þm00) of two product
intuitionistic fuzzy graphs G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) is
deﬁned as follows:
ðs01 þ s001ÞðuÞ ¼ ðs01∪s001ÞðuÞ, ðs02 þ s002ÞðuÞ ¼ ðs02∩s002ÞðuÞ, if u
2V 0∪V 00; ðm01 þ m001Þðu; vÞ ¼ ðm01∪m001Þðu; vÞ, ðm02 þ m002Þðu; vÞ ¼
ðm02∩m002Þ ðu; vÞ, if ðu; vÞ2E0∩E00 and ðm01 þ m001Þðu; vÞ ¼ s01ðuÞ∨s001ðvÞ
ðm02 þ m002Þðu; vÞ ¼ s02ðuÞ∧s002ðvÞ, if (u,v)2E1, where E1 is the set of all
edges joining the vertices of V0,V
00
.Theorem 7. If G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) are the product
intuitionistic fuzzy graph, then
ðiÞG0∪G00yG0 þ G00
ðiiÞG0 þ G00yG0∪G00:
Theorem 8. The direct product of two intuitionistic fuzzy graphs is a
product intuitionistic fuzzy graph.
Proof. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two product
intuitionistic fuzzy graphs. We shall prove that G0⊓G00 is a product





ððu1; v1Þ; ðu2; v2ÞÞ ¼ m01ðu1;u2Þ∧m001ðv1; v2Þ
 s01ðu1Þ  s001ðu2Þ∧s001ðv1Þ  s001ðv2Þ
¼ s01ðu1Þ∧s001ðv1Þ s001ðu2Þ∧s001ðv2Þ












ððu1; v1Þ; ðu2; v2ÞÞ ¼ m02ðu1;u2Þ∨m002ðv1; v2Þ
 s02ðu1Þ  s002ðu2Þ∨s002ðv1Þ  s002ðv2Þ
¼ s02ðu1Þ∨s002ðv1Þ s002ðu2Þ∨s002ðv2Þ






ððu1; v1Þ; ðu2; v2ÞÞ  s02⊓s002ðu1; v1Þ  s02⊓s002ðu2; v2Þ:
This shows that G0⊓G00 is a product intuitionistic fuzzy graph.
Corollary 1. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
product intuitionistic fuzzy graphs. If G0 and G
00
are complete then
G0⊓G00 is not necessarily complete.
The above statement is justiﬁed in the following example.
Example 6. In this example G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00)
are product intuitionistic fuzzy graphs that are complete, while G0⊓G00
is not complete. This example is shown in Fig. 6.
Deﬁnition 17. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be the
product intuitionistic fuzzy graphs. Thus, the ring sum of two product




where ðs014s001ÞðuÞ ¼ s01ðuÞ∪s001ðuÞ, ðs024s002ÞðuÞ ¼ s02ðuÞ∪s002ðuÞ for all
u2V ¼ V 0∪V 00 andct intuitionistic fuzzy graphs.
Fig. 7. Ring sum of two product intuitionistic fuzzy graphs.







m01ðu; vÞ; if ðu; vÞ2E0  E00









m02ðu; vÞ; if ðu; vÞ2E0  E00
m002ðu; vÞ; if ðu; vÞ2E00  E0
0; otherwise
Example 7 Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00 ,s00,m00) be two
product intuitionistic fuzzy graphs. Thus, the ring sum of G0,G
00
is
shown in Fig. 7.
Theorem 9. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
product intuitionistic fuzzy graphs. Thus, G04G
00
is also a product
intuitionistic fuzzy graph.
Proof. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two product
intuitionistic fuzzy graphs. Now, we have to show that the ring sum
G04G
00 ¼ (V,E,s04s00,m04m00) is a product intuitionistic fuzzy graph.





ðu; vÞ ¼ m01ðu; vÞ
 s01ðuÞ  s01ðvÞ






ðu; vÞ ¼ m02ðu; vÞ
 s02ðuÞ  s02ðvÞ
¼ s02∪s002ðuÞ  s02∪s002ðvÞ
¼ s024s002ðuÞ  s024s002ðvÞ:




ðu; vÞ ¼ m01ðu; vÞ
 s01∪s001ðuÞ  s01ðvÞ∨s001ðvÞ
¼ s01∪s001ðuÞ  s01∪s001ðvÞ






ðu; vÞ  s024s002ðuÞ  s024s002ðvÞ:


















































; if u2V 0; v2V
00¼ s01∪s001ðuÞ  s01∪s001ðvÞ






ðu; vÞ  s024s002ðuÞ  s024s002ðvÞ:












ðu; vÞ  s024s002ðuÞ  s024s002ðvÞ:
Hence, G04G
00
is a product intuitionistic fuzzy graph.
Theorem 10. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
product intuitionistic fuzzy graphs with E0∩E00 ¼ f, then
G0 þ G00yG04G00.
Proof. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two product
































ðu; vÞ ¼ 	s01 þ s001
ðuÞ  	s01 þ s001










Now,andNow, we discuss different cases:
Case 1: If u2V0,v2V
00
, then ðm01 þ m
00
1Þðu; vÞ ¼ ðs01ðuÞ
s001ðvÞÞ  ðs01ðuÞ  s
00
1ðvÞÞ ¼ 0: Therefore, ðm01 þ m
00
1Þðu; vÞ ¼ 0:
Similarly, ðm02 þ m
00
2Þðu; vÞ ¼ 0:





ðu; vÞ ¼ s01ðuÞ  s001ðvÞ m01ðu; vÞ







ðu; vÞ ¼ m02ðu; vÞ:










ðu; vÞ ¼ m20ðu; vÞ:





ðu; vÞ ¼ s01ðuÞ  s01ðvÞ∪s001ðvÞ m01ðu; vÞ
¼ s01ðvÞ∪s001ðuÞ s01ðvÞ∪s001ðvÞ m01ðu; vÞ







ðu; vÞ ¼ m02ðu; vÞ:
Case 5: If (u,v)2E
00E0 and u,v2V00V0, then it is obvious that
ðm01 þ m
00
1Þðu; vÞ ¼ m
00
1ðu; vÞ, ðm02 þ m
00
2Þðu; vÞ ¼ m
00
2ðu; vÞ.
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ðm01 þ m
00
1Þðu; vÞ ¼ m
00
1ðu; vÞ, ðm02 þ m
00
2Þðu; vÞ ¼ m
00
2ðu; vÞ.
Case 7: If (u,v)2E
00E0, u2V00V0 and v2V 00∩V 0, then it is obvious
that ðm01 þ m
00
1Þðu; vÞ ¼ m
00
1ðu; vÞ, ðm02 þ m
00
2Þðu; vÞ ¼ m
00
2ðu; vÞ.























ðu; vÞ ¼ m
0













Hence, G0 þ G00yG04G00 :
Theorem 11. Let G0 ¼ (V0,E0,s0,m0) and G00 ¼ (V00,E00,s00,m00) be two
product intuitionistic fuzzy graphs with E0∩E00 ¼ f, then
G04G00yG0 þ G00 .
Proof. Let G0 ¼ ðV 0; E0; s0;m0Þ and G00 ¼ ðV 00 ; E00 ; s00 ;m00 Þ be two






























ðu; vÞ ¼ s014s001ðuÞ  s014s001ðvÞ  m014m001ðu; vÞ
















ðu; vÞ ¼ s024s002ðuÞ  s024s002ðvÞ  m024m002ðu; vÞ










ðuÞ  s02 þ s002ðvÞ  m002ðu; vÞ; if ðu; vÞ2E00  E0
Now, we discuss different cases:
Case 1: If u2V 0; v2V 00 , then ðm014m
00





1ÞðvÞ ¼ ðs01ÞðuÞ  ðs01ÞðvÞ:
Similarly, ðm024m
00
2Þðu; vÞ ¼ ðs02ÞðuÞ  ðs02ÞðvÞ:
Case 2: If (u,v)2E0E00 and u,v2V0V00, then ðm014m
00
1Þðu; vÞ
¼ s01ðuÞ  s01ðvÞ  m01ðu; vÞ ¼ m01ðu; vÞ: Similarly, ðm024m
00
2Þðu; vÞ





ðu; vÞ ¼ s01ðuÞ∪s001ðuÞ s01ðvÞ∪s001ðvÞ m01ðu; vÞ




2Þðu; vÞ ¼ m02ðu; vÞ:





ðu; vÞ ¼ s01ðuÞ  s01ðvÞ∪s001ðvÞ m01ðu; vÞ
¼ s01ðuÞ∪s001ðuÞ s01ðvÞ∪s001ðvÞ m01ðu; vÞ




2Þðu; vÞ ¼ m02ðu; vÞ:
Case 5: If (u,v)2E
00E0 and u,v2V00V0, then it is obvious that
ðm014m
00




2Þðu; vÞ ¼ m
00
2ðu; vÞ.
Case 6: If (u,v)2E
00E0 and u; v2V 00∩V 0, then
ðm014m
00




2Þðu; vÞ ¼ m
00
2ðu; vÞ.
Case 7: If (u,v)2E
00E0, u2V00V0 and v2V 00∩V 0, then
ðm014m
00




2Þðu; vÞ ¼ m
00
2ðu; vÞ.





ðu; vÞ ¼ s014s001ðuÞ  s014s001ðvÞ  m014m001ðu; vÞ
¼ s01∪s001ðuÞ  s01∪s001ðvÞ  m01∪m001ðu; vÞ









ðu; vÞ ¼ m02ðu; vÞ∪m002ðu; vÞ:
























ðvÞ; ifu2V 0; v2V 00




























ðvÞ; ifu2V 0; v2V 00
¼ ðm20 þ m002
ðu; vÞ
These equations complete the proof.
S. Sahoo, M. Pal / Paciﬁc Science Review A: Natural Science and Engineering 17 (2015) 87e96965. Conclusions
In this paper, we introduced the concepts of direct product,
semi-strong product, and strong product of any two intuitionistic
fuzzy graphs and investigate many interesting properties. Finally,
we deﬁne the product intuitionistic fuzzy graph and the isomorphic
properties on it. In our future work, we will focus on intuitionistic
fuzzy threshold graphs and attempt to investigate many properties.
The concept of intuitionistic fuzzy graphs can be applied in various
areas of neural networks, signal processing, pattern recognition,
computer networks and expert systems.
Acknowledgements
Financial support of the ﬁrst author offered by the Council of
Scientiﬁc and Industrial Research, New Delhi, India (Sanction no.
09/599(0057)/2014-EMR-I) is gratefully acknowledged.
The authors are thankful to the reviewers for their valuable
comments and suggestions to improve the presentation of the
paper.
References
[1] M. Akram, B. Davvaz, Strong intuitionistic fuzzy graphs, Filomat 26 (1) (2012)
177e196.
[2] M. Akram, A. Ashraf, S.M. Swrwar, Novel application of intuitionistic fuzzy
digraphs in decision support systems, Sci. World J. 2014 (2015) 11. Article ID
904606.
[3] M. Akram, W.A. Dudek, Intuitionistic fuzzy hypergraphs with applications, Inf.
Sci. 218 (2013) 182e193.
[4] M. Akram, N.O. Al-Shehrie, Intuitionistic fuzzy cycles and intuitionistic fuzzy
trees, Sci. World J. 2014 (2014) 11.
[5] N.O. Al-Shehrie, M. Akram, Intuitionistic fuzzy planar graphs, Discrete Dyn.
Nat. Soc. (2014) 9.
[6] K.T. Atanassov, Intuitionistic fuzzy sets, in: VII ITKR0s Seession, Deposed in
Central for Science-technical Library of BulgariaN Academy of Science, 1697/
84, Soﬁa, Bulgaria, 1983.
[7] K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst. 20 (1986) 87e96.
[8] M.G. Karunambigai, M. Akram, S. Sivasankar, K. Palanivel, Balanced intui-
tionistic fuzzy graphs, Appl. Math. Sci. 7 (2013) 2501e2514.
[9] A. Kauffman, Introduction a la theorie des sousemsembles ﬂous, Masson et cie,
Paris, 1973.[10] M. Pal, S. Samanta, H. Rashmanlou, Some results on interval-valued fuzzy
graphs, Int. J. Comput. Sci. Electron. Eng. 3 (3) (2015) 205e211.
[11] R. Parvathi, M.G. Karunambigai, Intuitionistic fuzzy graphs, Comput. Intell.
Theory Appl. 38 (2006) 139e150.
[12] T. Pramanik, S. Samanta, M. Pal, Interval-valued fuzzy planar graphs, Int. J.
Mach. Learn. Cybern. (2014), http://dx.doi.org/10.1007/s13042-014-0284-7.
[13] V. Ramaswamy, B. Poornima, Product fuzzy graphs, Int. J. Comput. Sci. Netw.
Secur. 9 (1) (2009).
[14] H. Rashmanlou, M. Pal, Some properties of highly irregular interval valued
fuzzy graphs, World Appl. Sci. J. 27 (12) (2013) 1756e1773.
[15] H. Rashmanlou, M. Pal, Balanced interval-valued fuzzy graphs, J. Phys. Sci. 17
(2013) 43e57.
[16] H. Rashmanlou, M. Pal, Isometry on interval-valued fuzzy graphs, Intern. J.
Fuzzy Math. Arch. 3 (2014) 28e35.
[17] H. Rashmanlou, S. Samanta, M. Pal, R.A. Borzooei, A study on bipolar fuzzy
graphs, J. Intell. Fuzzy Syst. 28 (2015) 571e580.
[18] H. Rashmanlou, S. Samanta, M. Pal, R.A. Borzooei, Bipolar fuzzy graphs with
categorical properties, Int. J. Comput. Intell. Syst. 8 (5) (2015) 808e818.
[19] A. Rosenﬁeld, in: L.A. Zadeh, K.S. Fu, M. Shimura (Eds.), Fuzzy Graphs. Fuzzy
Sets and Their Application, Academic Press, New York, 1975, pp. 77e95.
[20] S. Sahoo, M. Pal, Intuitionistic fuzzy competition graph. Journal of Applied
Mathematics and Computing Springer. http://dx.doi.org/10.1007/s12190-
015-0928-0.
[21] S. Sahoo, M. Pal, Intuitionistic fuzzy tolerance graph. communicated.
[22] S. Samanta, M. Akram, M. Pal, m-Step fuzzy competition graphs, J. Appl. Math.
Comput. 47 (2015) 461e472.
[23] S. Samanta, A. Pal, M. Pal, New concepts of fuzzy planar graphs, Int. J. Adv. Res.
Artif. Intell. 3 (1) (2014) 52e59.
[24] S. Samanta, M. Pal, Fuzzy threshold graphs, CIIT Int. J. Fuzzy Syst. 3 (2011)
360e364.
[25] S. Samanta, M. Pal, Fuzzy tolerance graphs, Int. J. Latest Trends Math. 1 (2011)
57e67.
[26] S. Samanta, M. Pal, Bipolar fuzzy hypergraphs, Int. J. Fuzzy Log. Syst. 2 (1)
(2012) 17e28.
[27] S. Samanta, M. Pal, Irregular bipolar fuzzy graphs, Int. J. Appl. Fuzzy Sets 2
(2012) 91e102.
[28] S. Samanta, M. Pal, Fuzzy-competition graphs and -competition fuzzy graphs,
Fuzzy Inf. Eng. 5 (2013) 191e204.
[29] S. Samanta, M. Pal, Telecommunication system based on fuzzy graphs,
J. Telecommun. Syst. Manag. 3 (2013) 1e6.
[30] S. Samanta, M. Pal, Some more results on bipolar fuzzy sets and bipolar fuzzy
intersection graphs, J. Fuzzy Math. 22 (2) (2014) 253e262.
[31] S. Samanta, M. Pal, Fuzzy planar graph, IEEE Trans. Fuzzy Syst. 23 (6) (2015)
1936e1942.
[32] S. Samanta, T. Pramanik, M. Pal, Fuzzy colouring of fuzzy graphs, Afr. Math.
(2015), http://dx.doi.org/10.1007/s13370-015-0317-8.
